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Abstract. In this article we obtain some positive results about the existence of a com-
mon nontrivial invariant subspace for N-tuples of not necessarily commuting operators
on Banach spaces with a Schauder basis. The concept of joint quasinilpotence plays a
basic role. Our results complement recent work by Kosiek [6] and Ptak [8].
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1. Introduction
Let T be a continuous linear operator defined on a separable Banach space X . Let us say
that T is cyclic if x ∈ X such that
Linear Span{T nx: x ∈ X}
is dense in X .
On the other hand, we said that T is locally quasinilpotent at x ∈ X if
lim
n→∞
‖T nx‖1/n = 0.
The notion of local quasinilpotence was introduced in [1] to obtain nontrivial invariant
subspaces for positive operators.
Positive results about N-tuples of operators with a nontrivial common invariant sub-
space have been obtained in [2,4,7,8]. In this article, we extend the results of Abramovich
et al [1] to the case of not-necessarily commuting N-tuples of continuous linear operators.
To extend these results it will be essential to introduce the notion of joint local
quasinilpotence for N-tuples of operators (not necessarily commuting). The results com-
plement the results obtained in [1].
The main result of this paper appears in §3 and is stated as follows:
Theorem 3.1. Let T = (T1, . . . ,TN) be a N-tuple of continuous linear operators. If T is
positive with respect to a cone C and x0 ∈C exists such that T is joint locally quasinilpo-
tent at x0, then there exists a common nontrivial invariant subspace for T = (T1, . . . ,TN).
Moreover, using this theorem we deduce new results on nontrivial common invariant
subspaces for N-tuples of operators (see Theorem 3.2, Corollary 3.3). We will conclude
this article with a section including open problems and further directions.
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2. Joint local quasinilpotence
It is easy to see that if (T1, . . . ,TN) are N commuting operators and they are locally
quasinilpotent at x0 ∈ X , then the compositions Ti1 . . .Tim ;1≤ i j ≤N for all j ∈ {1, . . . ,m}
and all m ∈ N, are locally quasinilpotent at x0. In fact the intersection of the sets
QTi = {x ∈ X , such that Ti is locally quasinilpotent at x},
is a common invariant manifold.
However if T1, . . . ,TN are not commuting, the problem becomes more complicated.
Example. Let T1,T2 be two operators on the Hilbert space l2 defined in the following way:
T1en =
{
en−1, if n ≥ 2
0, if n = 1
; T2en =
1
n
en+1,
where (en)n∈N is the canonical basis of l2.
The operators T1 and T2 are locally quasinilpotent at ek for each k ≥ 2, since
T n1 ek = 0 for each n ≥ k, and therefore limn→∞ ‖T n1 ek‖
1
n = 0. On the other hand,
T n2 ek =
1
k(k+1)···(k+n−1)en+k, hence
lim
n→∞
‖T n2 ek‖
1/n = lim
n→∞
(
1
k(k+ 1) · · ·(k+ n− 1)
)1/n
= 0
and therefore T1 and T2 are locally quasinilpotent at ek for each k ≥ 2.
However, T1T2 and T2T1 are not locally quasinilpotent at ek for each k≥ 2. Indeed, since
T1T2ek = 1k ek,
lim
n→∞
‖(T1T2)nek‖1/n = lim
n→∞
∥∥∥∥
(
1
k
)n
ek
∥∥∥∥
1/n
=
1
k 6= 0.
On the other hand, we know T2T1ek = 1k−1 ek and hence limn→∞ ‖(T2T1)
nek‖
1/n = 1k−1 6= 0.
Let T = (T1, . . . ,TN) be an N-tuple of continuous linear operators on a Banach space X
not necessarily commuting. Let us denote by T n the collection of all possible products of
n elements in T .
DEFINITION 2.1.
Let T = (T1, . . . ,TN) be an N-tuple of continuous linear operators on a Banach space X not
necessarily commuting. Then, we will say that T is uniform joint locally quasinilpotent
at x0 ∈ X if
lim
n→∞
max
S∈T n
‖Sx0‖1/n = 0.
The notion of uniform joint local quasinilpotence is closely related with the joint spec-
tral radius defined by Rota and Strang [9]. We can get more information about spectral
theory in several variables in [7].
Although the results of this article are formulated under the hypothesis of uniform joint
local quasinilpotence, nevertheless, sometimes it will be possible to replace the above-
mentioned hypothesis by the following weaker property.
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DEFINITION 2.2.
Let T = (T1, . . . ,TN) be an N-tuple of continuous linear operators on a Banach space X .
Then we will say that T is joint locally quasinilpotent at x0 ∈ X if
lim
n→∞
‖Ti1Ti2 · · ·Tinx0‖
1/n = 0,
for all i1, . . . , in ∈ {1, . . . ,N}.
The difference between the concept of uniform joint local quasinilpotence and joint
local quasinilpotence is the lack of uniformity. Next we see some properties of both con-
cepts.
PROPOSITION 2.3.
Let T = (T1, . . . ,TN) be an N-tuple of continuous linear operators on a Banach space X
and let us suppose that T is uniform joint locally quasinilpotent at x0 ∈ X\{0}. Then for
all polynomial p of m variables, such that p(0, . . . ,0) = 0 we have that
lim
n→∞
‖p(Ti1 , . . . ,Tim)
nx0‖
1/n = 0,
where i j ∈ {1, . . . ,N}; j ∈ {1, . . . ,m}, that is, the operator p(Ti1 , . . . ,Tim) is locally
quasinilpotent at x0.
Proof. Fix ε > 0. Let us suppose that k ∈N is the number of summands of the polynomial
p, and let us denote by c∈R+ the maximum of the modulus of the coefficients of p. Then,
since T = (T1, . . . ,TN) is uniform joint locally quasinilpotent at x0, there exists n0 ∈ N
such that
max
S∈T n
‖Sx0‖1/n <
ε
ck
for all n≥ n0.
Now, taking into account that the polynomial p has no independent term, for all n≥ n0,
‖p(T1, . . . ,TN)nx0‖1/n ≤ (kncn max
S∈T n
‖Sx0‖)1/n ≤ ε,
which proves the desired result. ✷
Remark 2.4. In fact the condition on the polynomial p(θ ) = 0 is a necessary condition in
the proof of Proposition 2.3. Indeed, let F be the forward shift defined on the sequences
space ℓ2 by Fen = 1n! en+1, for all n ≥ 1. It is easy to see that the operator I +F is not
locally quasinilpotent at e1 (where I denotes the identity operator).
Definitions 2.1 and 2.2 are the natural extensions of the notion of local quasinilpotence
for N-tuples of continuous linear operators. In fact, let us denote
QT1...TN = {x0 ∈ X : (T1 . . .TN) is joint locally quasinilpotent at x0}
and let us denote by UQT1...TN the set of all uniform joint locally quasinilpotent vectors
for (T1, . . . ,TN). Then, we have the following result.
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PROPOSITION 2.5.
Let T = (T1, . . . ,TN) be an N-tuple of continuous linear operators on a Banach space X ,
then the sets UQT1...TN and QT1...TN are common invariant manifolds by T1, . . . ,TN .
Proof. Clearly, x∈QT1...TN implies that λ x∈QT1...TN . Now let x,y∈QT1...TN , and fix ε > 0.
Then, there exists some n0 such that ‖Ti1 . . .Tinx‖ < εn and ‖Ti1 . . .Tin y‖ < εn for each
i1, . . . , in ∈ {1, . . . ,N} and each n ≥ n0. Therefore,
‖Ti1 . . .Tin(x+ y)‖
1/n ≤ (‖Ti1Ti2 . . .Tinx‖+ ‖Ti1Ti2 . . .Tiny‖)
1/n < 2ε
for all n≥ 0. Therefore x+ y ∈ QT1...TN and so QT1...TN is a vector manifold.
Fix x0 ∈ QT1...TN and let Tkx0 ∈ QT1,...,TN . Then
lim
n→∞
‖Ti1 . . .Tin(Tkx0)‖
1/n = lim
n→∞
(‖Ti1 . . .Tim Tkx0‖
1
n+1 )
n+1
n = 0
for each i j ∈ {1, . . . ,N}; j ∈N and for each k∈ {1, . . . ,N}. Therefore QT1...TN is a common
invariant manifold for T1, . . . ,TN . Similar proof follows for the set UQT1...TN , and hence
we omit it. ✷
The above propositions show that if QT1...TN 6= {0} (UQT1,...,TN 6= {0} respectively) and
QT1...TN 6= X (UQT1...TN 6= X respectively), then QT1...TN (UQT1...TN respectively) is a com-
mon nontrivial closed invariant subspace for T1, . . . ,TN . As far as the invariant subspace
problem is concerned, we need only consider the two extreme cases QT1...TN = X and
QT1...TN = {0}.
3. Main results
Let X be a Banach space with a Schauder basis (xn). We say that T = (T1, . . . ,TN) is
positive with respect to the cone
C =
{
∞
∑
j=1
t jx j: t j ≥ 0
}
if Tj(C)⊂C for all j ∈ {1, . . . ,N}.
Let us see the main result of this paper.
Theorem 3.1. Let T = (T1, . . . ,TN) be an N-tuple of continuous linear operators on a
Banach space with a Schauder basis such that T = (T1, . . . ,TN) is positive with respect
to the cone C, and let us suppose that y0 ∈ C exists such that T = (T1, . . . ,TN) is joint
locally quasinilpotent at y0. Then there exists a common nontrivial invariant subspace for
T = (T1, . . . ,TN).
Proof. Let (xn) be a Schauder basis of the Banach space X and let ( fn) be the sequence
of coefficient functionals associated with the basis (xn).
Assume that T = (T1, . . . ,TN) is joint locally quasinilpotent at some y0 ∈C \ {0}, i.e.,
limn→∞ ‖Ti1 . . .Tiny0‖1/n = 0 with i j ∈{1, . . . ,N} for all j ∈N. Let us suppose that Tiy0 = 0
for all i ∈ {1, . . . ,N}. Then
⋂N
i=1 ker(Ti) is a common nontrivial invariant subspace for
each T1, . . . ,TN . Thus, we can suppose that Ti0y0 6= 0 for some i0 ∈ {1, . . . ,N}. By an
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appropriate scaling of y0, we can assume that 0 < xk ≤ y0 and Ti0xk 6= 0 for some k and
some i0 ∈ {1, . . . ,N}.
Now let P: X → X denote the continuous projection onto the vector subspace generated
by xk defined by P(x) = fk(x)xk. Clearly, 0≤ P(x)≤ x holds for each 0< x∈ X . We claim
that
PTi1 . . .Timxk = 0 (1)
for each m ≥ 0. To see this, fix m ≥ 0 and let PTi1 . . .Timxk = αxk for some nonnegative
scalar α > 0. Since P is a positive operator and the composition of positive operators is a
positive operator, it follows that
0 < αnxk = (PTi1 . . .Tim)
nxk ≤ (Ti1 . . .Tim)
nxk ≤ (Ti1 . . .Tim)
ny0.
Let us observe that the following inequality is not true because the norm is not monotone
αn‖xk‖ ≤ ‖(Ti1 . . .Tim)ny0‖. However, if we use the fact that fk is a positive linear func-
tional, we conclude that
0 < αn = fk(αnxk)≤ fk((Ti1 . . .Tim)ny0).
Consequently, 0 < αn ≤ ‖ fk‖‖(Ti1 . . .Tim)ny0‖, and so
0 < α ≤ ‖ fk‖1/n‖(Ti1 . . .Tim)ny0‖1/n.
From Definition 2.2 we know limn→∞ ‖(Ti1 . . .Tim)ny0‖1/n = 0. Thus we deduce that α =
0, and condition (1) must be true.
Now let us consider the linear subspace Y of X generated by the set
{Ti1 . . .Tim xk: m ∈ N; i j ∈ {1, . . . ,N} for all j ∈ N}.
Clearly, Y is invariant for each Tj; j ∈ {1, . . . ,N} and, since 0 6= Ti0xk ∈ Y for some
i0 ∈ {1, . . . ,N}, we see that Y 6= {0}. From (1) it follows that fk(Ti1 . . .Timxk)xk =
P(Ti1 . . .Tim xk) = 0, therefore fk(Ti1 . . .Timxk) for each i1, . . . , im. This implies that
fk(y) = 0 for each y ∈ Y , and consequently fk(y) = 0 for all y ∈ ¯Y , that is, ¯Y 6= X . The
latter shows that ¯Y is a common nontrivial closed invariant subspace for the operators
Tj; j ∈ {1, . . . ,N}, and the proof is complete. ✷
Let T1, . . . ,TN be joint locally quasinilpotent operators at x0 ∈ C. Then we can add
arbitrary weights to each matrix representing the operators T1, . . . ,TN and still guarantee
the existence of a common nontrivial closed invariant subspace.
Remark 3.2.
(a) First, let us observe that if (T1, . . . ,TN) is joint locally quasinilpotent at x0 it is possible
to obtain a closed invariant subspace F (nontrivial) invariant also for every positive
operator A such that ATi = TiA for all i ∈ {1, . . . ,N}. Indeed, the above proof follows
considering the closed subspace generated by
{ATi1 . . .Timxk: m ∈ N; i j ∈ {1, . . . ,N}
∀ j ∈ N,A positive ATi = TiA(∀i)}.
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(b) On the other hand, let us mention that the subspace guaranteed in the above theorem
is in fact an invariant nontrivial ideal.
In the following theorem, positivity is with respect to the cone generated by the
Schauder basis of the Banach space.
Theorem 3.3. Let X be a Banach space with a Schauder basis. Assume that the matrix
Ak = (aki j) defines a continuous operator Tk for all k ∈ {1, . . . ,N}, such that the N-tuple
T = (T1, . . . ,TN) is joint locally quasinilpotent at a nonzero positive vector. Let (wki j);k ∈
{1, . . . ,N} be N-double sequences of complex numbers. If the weighted matrices Bk =
(wki ja
k
i j);k ∈ {1, . . . ,N} define continuous operators Bk;k ∈ {1, . . . ,N}, then B1, . . . ,BN
have a common nontrivial closed invariant subspace.
Proof. Let (xn) be a Schauder basis of the Banach space X , and let ( fn) be the sequence of
functional coefficients associated with the basis (xn). Assume that the operators T1, . . . ,TN
satisfy limn→∞ ‖Ti1 . . .Tiny0‖1/n = 0; i j ∈ {1, . . . ,N}; j ∈N for some positive nonzero vec-
tor y0. An appropriate scaling of y0 shows that there exists l satisfying 0 < xl ≤ y0. Let us
suppose that Tkxl = 0 for all k ∈ {1, . . . ,N}, then an easy argument shows that Bkxl = 0
for all k ∈ {1, . . . ,N}, and
⋂N
k=1 ker(Bk) is a nontrivial closed invariant subspace (here we
assume that Bk 6= 0 for all k ∈ {1, . . . ,N}). Thus, we can suppose that Ti0xl 6= 0 for some
i0 ∈ {1, . . . ,N}.
Now, let us denote by P: X → X , the positive projection defined by P(x) = fl(x)xl .
Arguing as in the proof of Theorem 3.1, we can establish that PTi1 . . .Timxl = 0 for each
m ∈ N, where i j ∈ {1, . . . ,N} for all j ∈ N. In particular, we have fl(Ti1 . . .Tim xl) = 0 for
each i1, . . . , im. Consequently, for each m ∈ N and for each positive operator S: X → X
satisfying 0 ≤ S ≤ Ti1 . . .Tim , we have
0 ≤ fl(Sxl)≤ fl(Ti1 . . .Timxl) = 0. (2)
Next, let us consider the vector subspace Y generated by the set
{Sxl: such that S satisfies 0 ≤ S ≤ Ti1 . . .Tim for some i1, . . . , im}.
Clearly Y is invariant for each operator Rk;k ∈ {1, . . . ,N} satisfying 0 ≤ Rk ≤ Tk. Also,
from (2) it follows that
fl(y) = 0
for all y ∈ ¯Y , that is, ¯Y 6= X . The latter shows that ¯Y is a nontrivial closed vector subspace
of X . Let Aki j;k ∈ {1, . . . ,N} now be the operators defined by
Aki j(x j) = aki jx j and Aki j(xm) = 0 for m 6= j.
Since Aki j satisfy 0 ≤ Aki j ≤ Ak for all k ∈ {1, . . . ,N}, it follows that ¯Y is invariant for each
one of the operators Aki j. Therefore, the vector subspace ¯Y is invariant under the operators
Bkn =
n
∑
i=1
n
∑
j=1
wki jAki j.
However, the sequence of operators (Bkn);k ∈ {1, . . . ,N} converges in the strong operator
topology to Bk. Therefore, Bk( ¯Y )⊂ ¯Y and, thus, the operators B1, . . . ,BN , have a common
nontrivial closed invariant subspace. ✷
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COROLLARY 3.4.
Let X be a Banach space with a Schauder basis. Assume that the positive matrices Ak =
(aki j) define continuous operators on X , which are joint locally quasinilpotent at a nonzero
positive vector. If the continuous operators Tk: X → X are defined by the matrices Tk =
(tki j) satisfying tki j = 0 whenever aki j = 0, then the operators have a common nontrivial
closed invariant subspace.
4. Concluding remarks and open problems
The notion of uniform joint local quasinilpotence is used extensively in [5] to obtain com-
mon nontrivial invariant subspaces. Both concepts, joint local quasinilpotence and uni-
form joint local quasinilpotence, play an important role in the search of common nontriv-
ial invariant subspaces.
It would be interesting to know something more on the sets Q(T1,...,TN ) and UQ(T1,...,TN ).
Our conjecture is that both sets are equal in majority of the cases.
On the other hand, it would be interesting to extend the results of Theorems 3.1 and 3.3
for the case of N-tuples of positive operators defined on a Hausdorff topological vector
space, where the partial order is defined by means of a Markushevish basis.
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